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NON-GORENSTEIN ISOLATED SINGULARITIES OF GRADED
COUNTABLE COHEN-MACAULAY TYPE
BRANDEN STONE
Abstract. In this paper we show a partial answer the a question of C. Huneke
and G. Leuschke (2003): Let R be a standard graded Cohen-Macaulay ring of
graded countable Cohen-Macaulay representation type, and assume that R has
an isolated singularity. Is R then necessarily of graded finite Cohen-Macaulay
representation type? In particular, this question has an affirmative answer for
standard graded non-Gorenstein rings as well as for standard graded Goren-
stein rings of minimal multiplicity. Along the way, we obtain a partial classifi-
cation of graded Cohen-Macaulay rings of graded countable Cohen-Macaulay
type.
1. Motivation and Introduction
For motivational purposes, we first consider local Cohen-Macaulay rings. Through-
out, a local Cohen-Macaulay ring is said to have finite Cohen-Macaulay type (respec-
tively, countable Cohen-Macaulay type) if it has only finitely (respectively, countably)
many isomorphism classes of indecomposable maximal Cohen-Macaulay modules.
In [2], M. Auslander showed that local rings of finite Cohen-Macaulay type must
have an isolated singularity. It was later shown in [4] that this was true for standard
graded rings as well. Concerning countable Cohen-Macaulay type, it was shown in
the excellent case by C. Huneke and G. Leuschke that a local ring of countable
Cohen-Macaulay type does not necessarily have an isolated singularity, but the
singular locus has dimension at most one [12](the graded version of this is found
in [19]). Given this result, it is natural to try and find a local Cohen-Macaulay
ring of countable (and infinite) Cohen-Macaulay type with an isolated singularity.
Examining the known examples countable type rings with an isolated singularity,
C. Huneke and G. Leuschke found they were actually finite type! This led to the
following question:
Question 1.1 ([12]). Let R be a complete local Cohen-Macaulay ring of countable
Cohen-Macaulay representation type, and assume that R has an isolated singularity.
Is R then necessarily of finite Cohen-Macaulay representation type?
In this paper, we are mainly concerned with the graded version of this question
(see Question 1.2). In Corollary 6.1, we are able to show a positive answer for
standard graded non-Gorenstein rings as well as for graded Gorenstein rings of
minimal multiplicity. The main strategy is to classify the rings of graded countable
Cohen-Macaulay type and compare this list with a the classification of graded finite
Cohen-Macaulay type in [9].
The author was partially funded by the NSF grant, Kansas Partnership for Graduate Fellows
in K-12 Education (DGE-0742523).
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2 B. STONE
The sections of this paper break the problem up into cases based on the dimension
of the ring, with Section 5 discussing the issues surrounding Gorenstein rings. The
results are summarized in Section 6.
1.1. Preliminaries and known results. We say that a ring R is standard graded
if, as an abelian group, it has a decomposition R =
⊕
i>0Ri such that RiRj ⊆ Ri+j
for all i, j > 0, R = R0[R1], and R0 is a field. Further, we will always assume that
a standard graded ring is Noetherian. Unless otherwise stated, we will denote
(R,m,k) by the standard graded ring with m being the irrelevant maximal ideal,
that is m =
∑∞
i=1Ri, and k := R0 = R/m being an uncountable algebraically closed
field of characteristic zero. We let e(R) be the multiplicity of the maximal ideal m.
When R is a d-dimensional Cohen-Macaulay ring, if e(R) = dimk(m/m2)−dimR+1
then R is said to have minimal multiplicity. In the case when k is infinite, the
following are equivalent:
(i) R has minimal multiplicity;
(ii) there exists a regular sequence x1, . . . , xd such that m
2 = (x1, . . . , xd)m;
(iii) the h-vector of R is of the form (1, n).
Here we define the h-vector of R to be the sequence (dimk(R/(x1, . . . , xd))i)i>0
where x1, . . . , xd is a homogeneous regular sequence of degree one.
A standard graded Cohen-Macaulay ring (R,m,k) has graded finite Cohen-Macaulay
type (respectively, graded countable Cohen-Macaulay type) if it has only finitely (re-
spectively, countably) many indecomposable, maximal Cohen-Macaulay modules
up to a shift in degree.
The graded version of Question 1.1 is as follows.
Question 1.2. Let R be a standard graded Cohen-Macaulay ring of graded count-
able Cohen-Macaulay representation type, and assume that R has an isolated singu-
larity. Is R then necessarily of graded finite Cohen-Macaulay representation type?
Remark 1.3. It is known that if the completion of a standard graded ring R with
respect to the maximal ideal has finite (respectively countable) type, then R must
have graded finite (respectively countable) type (see [4, Prop 8 and 9] or [20, Corol-
lary 2.5]). Hence any affirmative answer to Question 1.1 can be passed to a positive
answer of Question 1.2.
With this in mind, Question 1.2 has a positive answer if the ring is a hypersur-
face. In particular, it was shown in [14, 6] that if R is a complete hypersurface
containing an algebraically closed field k (of characteristic different from 2), then
R is of finite Cohen-Macaulay type if and only if R is the local ring of a simple
hypersurface singularity in the sense of [1]. For example, if we let k = C, then
R is one of the complete ADE singularities over C. That is, R is isomorphic to
kJx, y, z2, . . . , zrK/(f), where f is one of the following polynomials:
(An) : x
n+1 + y2 + z22 + · · ·+ z2r , n > 1;
(Dn) : x
n−1 + xy2 + z22 + · · ·+ z2r , n > 4;
(E6) : x
4 + y3 + z22 + · · ·+ z2r ;
(E7) : x
3y + y3 + z22 + · · ·+ z2r ;
(E8) : x
5 + y3 + z22 + · · ·+ z2r .
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It was further shown in [6] that a complete hypersurface singularity over an alge-
braically closed uncountable field k has (infinite) countable Cohen-Macaulay type
if and only if it is isomorphic to one of the following:
(A∞) : kJx, y, z2, . . . , zrK/(y2 + z22 + · · ·+ z2r );(1.1)
(D∞) : kJx, y, z2, . . . , zrK/(xy2 + z22 + · · ·+ z2r ).(1.2)
As both (A∞) and (D∞) are non-isolated singularities, if a hypersurface has an
isolated singularity and is countable type then it must have finite type.
In 2011, R. Karr and R. Wiegand [13, Theorem 1.4] showed the one dimensional
case as well. This was under the assumption that the integral closure of the ring R
is finitely generated as an R-module. We recover these results in Section 3.
2. Zero Dimensional Rings
It is well known that a zero dimensional equicharacteristic local ring R is a
hypersurface if and only if R is of finite Cohen-Macaulay type [11, Satz 1.5]. We
show the graded countable analog to this statement in Proposition 2.1.
Proposition 2.1. Let (R,m,k) be a 0-dimensional standard graded Cohen-Macaulay
ring. Further assume that k is an uncountable field. Then the following are equiv-
alent:
(1) R is of graded finite Cohen-Macaulay type;
(2) R is of graded countable Cohen-Macaulay type;
(3) R is a hypersurface ring.
Proof. The implication (1) implies (2) is straight forward. To show (2) implies
(3), assume that R is not a hypersurface. Thus there must be two linear forms
a, b ∈ m \ m2 that are basis elements of m/m2. By [20, Lemma 4.1], there are
uncountably many distinct homogeneous ideals {Iα}α∈k in R. In this context, we
have that Iα = (a + αb)R. Consider the graded indecomposable maximal Cohen-
Macaulay modules {R/Iα}α∈k. As each of these modules have different annihilators,
we know they are not isomorphic. A contradiction as we assumed that R was of
graded countable type.
To prove that (3) implies (1), we consider the m-adic completion of R and then
apply [11, Satz 1.5] to see that the completion is of finite Cohen-Macaulay type.
By Remark 1.3, we know that R also has graded finite Cohen-Macaulay type. 
We thus have a complete classification of graded countable Cohen-Macaulay
type for zero dimensional standard graded rings. Further, Proposition 2.1 gives a
positive answer to Question 1.2 for zero dimensional standard graded rings with
uncountable residue field.
3. One Dimensional Rings
In the one-dimensional case, Question 1.2 has a positive answer as shown by R.
Karr and R. Wiegand [13, Theorem 1.4]. In this section, we examine the Drozd-
Ro˘ıter conditions and give a classification of one dimensional reduced standard
graded rings of graded countable Cohen-Macaulay type. Thus retrieving the result
of R. Karr and R. Wiegand.
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3.1. Finite Type and the Drozd-Ro˘ıter conditions. As detailed by N. Cimen,
R. Wiegand, and S. Wiegand [7], if (R,m,k) is a one dimensional, Noetherian,
reduced, local Cohen-Macaulay ring such that the integral closure of R, say S,
is finitely generated as an R-module, then we know precisely when R has finite
Cohen-Macaulay type. This happens when the following conditions occur:
DR1 S is generated by 3 elements as an R-module;
DR2 the intersection of the maximal R-submodules of S/R is cyclic as an R-
module.
These conditions are called the Drozd-Ro˘ıter conditions. It was further shown in [7,
Proposition 1.12] that the Drozd-Ro˘ıter conditions are equivalent to the following:
dimk(S/mS) 6 3;(dr1)
dimk
(
R+mS
R+m2S
)
6 1.(dr2)
In order to have a different grasp of what it means to satisfy the Drozd-Ro˘ıter
conditions, we state another set of equivalent conditions. This result is stated in the
next proposition where λ represents length as an R-module, and ∗ is the integral
closure of ideals.
Proposition 3.1. Let (R,m,k) be a one-dimensional, Noetherian, reduced, local
Cohen-Macaulay ring with finite integral closure and uncountable residue field k.
Let x be a minimal reduction of the maximal ideal m. The Drozd-Ro˘ıter conditions
are equivalent to the following:
e(R) 6 3;(3.1)
λ(m2/xm) 6 1.(3.2)
Proof. To show that (3.1) holds, we will show that e(R) = dimk(S/mS) where S
is the integral closure of R. As x is a reduction of m, we know that xS is also a
reduction of mS. But this holds if and only if mS ⊆ xS. As principal ideals are
integrally closed in S, we have that
xS ⊆ mS ⊆ xS = xS,
and hence xS = mS. By assumption, S is finitely generated as an R-module. There-
fore we have that the map S → S defined by multiplication by x is an injection.
Hence, we have the following commutative diagram in Figure 1.
0

0

K

0 // R
·x //

R //

R/xR //

0
0 // S
·x //

S //

S/xS //

0
C ′ C ′ C
Figure 1. A commutative diagram where K, C ′, and C are the
respective kernel and cokernels.
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Consider the exact sequence in the right side of Figure 1,
(3.3) 0 // K // R/xR // S/xS // C // 0.
Notice by the Snake Lemma applied to Figure 1 that λ(K) = λ(C); here λ repre-
sents length as R-modules. As C and K have the same length, (3.3) shows that
R/xR and S/xS also have the same length. Since x is a minimal reduction of the
maximal ideal, we know that e(R) = λ(R/xR). Therefore,
e(R) = λ(R/xR) = λ(S/xS) = λ(S/mS) = dimk(S/mS).
In order to show (3.2), first notice that
(3.4)
R+mS
R+m2S
' mS
m2S + (R ∩mS) '
mS
m2S +m
' xS
x2S +m
.
For simplicity, we define B as follows,
B := dimk
(
R+mS
R+m2S
)
= λ
(
xS
x2S +m
)
.
We now consider the short exact sequence
0 //
m2S +m
m2S
// mS
m2S
// mS
m2S +m
// 0.
Rewriting the two terms on the left gives us
m2S +m
m2S
' m
m2S ∩m ' m/m
2;(3.5)
mS
m2S
' S
mS
=
S
xS
.(3.6)
Combining (3.5) and (3.6) with the above short exact sequence yields
(3.7) λ
(
S
xS
)
= λ
(
m/m2
)
+B.
On the other hand, consider the following short exact sequence
(3.8) 0 //
m2 + xR
xR
// R
xR
// R
m2 + xR
// 0,
along with the isomorphisms
(3.9)
m2 + xR
xR
' m
2
xR ∩m2 =
m2
xm
.
Note that the equality in (3.9) can be justified as follows. Since xS = mS, we know
that m2 = m2S ∩R = x2S ∩R. If y ∈ xR∩m2, then y = xr ∈ m2 = x2S ∩R. This
forces r ∈ xS ∩R = m. Hence y ∈ xm. Equality follows as xm ⊆ xR ∩m.
Computing length in (3.8) gives us
λ
(
R
xR
)
= λ
(
m2
xm
)
+ λ
(
R
m2 + xR
)
.
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We can repeat the above steps with the following short exact sequence and
isomorphisms:
0 //
m2 + xR
m2
// R
m2
// R
m2 + xR
// 0;
m2 + xR
m2
' xR
m2 ∩ xR '
xR
mxR
' R
m
.
Once again, if we compute the length, we have that
(3.10) λ
(
R
m2
)
= 1 + λ
(
R
m2 + xR
)
Combining (3.7) and (3.10) with the fact that λ
(
R
xR
)
= λ
(
S
xS
)
and λ
(
m
m2
)
=
λ
(
R
m2
)
− 1, we have
λ
(
m2
xm
)
+ λ
(
R
m2 + xR
)
= λ
(
m
m2
)
+B
= λ
(
R
m2
)
− 1 +B
= 1 + λ
(
R
m2 + xR
)
− 1 +B.
Simplifying we see that λ
(
m2
xm
)
= B. We now have
e(R) = dimk(S/mS);
λ
(
m2
xm
)
= dimk
(
R+mS
R+m2S
)
.
Applying (dr1) and (dr2) yields the desired result. 
Given Proposition 3.1, we can construct a couple of examples.
Example 3.2. Consider the ring R = kJt3, t7K. This is a one-dimensional domain
with e(R) = 3. The element t3 is a minimal reduction of the maximal ideal (t3, t7)R.
If we compute the length, we see that λ
(
m2/t3m
)
= 2. Hence, by Proposition 3.1,
we have that R is not of finite type.
Example 3.3. Let R = kJx, yK/(x3y − xy3). This ring is one-dimensional and
reduced. If we compute the multiplicity, we find that e(R) = 4. Thus, we immedi-
ately have from Proposition 3.1 that R is not of finite type. Computing the length
none-the-less, we find that λ
(
m2/(x+ 2y)m
)
= 1.
3.2. Graded Countable Type. In [20, Theorem 5.3], one dimensional standard
graded rings of graded countable type were shown to either be of minimal multi-
plicity or a hypersurface. Turning to the case of minimal multiplicity, we find the
following.
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Theorem 3.4. Let (R,m,k) be a standard graded one dimensional Cohen-Macaulay
ring with uncountable residue field k. If the h-vector of R is (1, n) with n > 3, then
R is not of graded countable Cohen-Macaulay type.
Proof. Let x be a minimal homogeneous reduction of the maximal ideal m, and let
x, u, v, w, c4, · · · , cn ∈ m be elements of a minimal k-basis of m/m2. By assumption
n > 3, so we are guaranteed at least four elements in the basis of m/m2. Without
losing any generality, we assume that w is the fourth basis element. Assume that
there is a graded isomorphism
Iα = (x, u+ αv) ' (x, u+ βv) = Iβ
where α, β are elements of k. As dim(R) = 1, these ideals are graded indecom-
posable maximal Cohen-Macaulay modules. Since this isomorphism is graded of
degree 0, we have that
x 7→ δ1x+ δ2(u+ βv)
u+ αv 7→ δ3x+ δ4(u+ βv)
where det(δi) is a unit and δi are elements of k. We have that
(3.11) 0 = δ3x
2 + δ4x(u+ βv)− δ1x(u+ αv)− δ2(u+ αv)(u+ βv).
Notice that (u+ αv)(u+ βv) is an element of m2. As R is of minimal multiplicity,
we have that xm = m2. Hence we can view elements of m2 as elements of xm. In
particular we view u2, uv, v2 in the following way
u2uv
v2
 =
x(a10x+ a11u+ a12v + a13w + a15c4 + · · ·+ a1ncn)x(a20x+ a21u+ a22v + a23w + a25c4 + · · ·+ a2ncn)
x(a30x+ a31u+ a32v + a33w + a35c4 + · · ·+ a3ncn)
 = x ·A ·

x
u
v
w
c4
...
cn

where the matrix A = (aij), 1 6 i 6 3, 0 6 j 6 n. Since u2, uv, v2 are homogeneous
elements, the grading forces the entries of A to be elements of k. Further, if we let
Φ =
(
1 α+ β αβ
)
and b =
(
x u v w c4 · · · cn
)t
,
then we can use matrix notation to write
(u+ αv)(u+ βv) = u2 + (α+ β)uv + αβv2 = x · Φ ·A · b.
We can now cancel the x in equation (3.11) and rewrite it as
(3.12) 0 =

δ3 − ΦA0δ2
δ4 − δ1 − ΦA1δ2
βδ4 − αδ1 − ΦA2δ2
−ΦA3δ2
−ΦA4δ2
...
−ΦAnδ2

t
· b
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where Ai are the columns of the matrix A. All of the elements in the coefficient
matrix of (3.12) are elements of k and hence equal zero as x, u, v, w, c4, . . . , cn form
a k-basis.
At this point we focus on δ2. If δ2 6= 0, then the fact that ΦA3δ2 = 0 implies
that
(3.13) a13 + (α+ β)a23 + αβa33 = 0
in the field k. As the aij are independent of our choice of α and β, Equation (3.13)
shows that every α, β such that Iα ' Iβ is a solution to
f(X,Y ) = a13 + (X + Y )a23 +XY a33 ∈ k[X,Y ].
This forces f(X,Y ) to be identically zero, a contradiction. Hence there are un-
countably many Iα that are not isomorphic.
If we let δ2 = 0, then Equation (3.13) becomes the relation
(3.14) δ3x+ (δ4 − δ1)u+ (βδ4 − αδ1)v = 0.
As x, u, v are independent over k, we have that the coefficients are zero. In particular
δ4 − δ1 = 0. Since δ1δ4 − δ2δ3 6= 0, we know that δ1 = δ4 6= 0. Thus the fact that
βδ4 − αδ1 = 0 implies that α = β. Hence there are uncountably many non-
isomrophic ideals Iα. 
Given the above results, we are now ready to characterize one dimension standard
graded rings of graded countable Cohen-Macaulay type.
Corollary 3.5. Let (R,m,k) be a one-dimensional standard graded Cohen-Macaulay
ring with uncountable residue field k. If R is of graded countable Cohen-Macaulay
type, then R is either of minimal multiplicity with h-vector (1, 2), or is isomorphic
to one of the following hypersurfaces:
(1) k[x];
(2) k[x, y]/(xy);
(3) k[x, y]/(xy(x+ y));
(4) k[x, y]/(xy2);
(5) k[x, y]/(y2).
Proof. A direct application of [20, Theorem 5.3] and Theorem 3.4 show that R is
either a hypersurface ring, or has minimal multiplicity with h-vector (1, 2).
Concerning the hypersurfaces, items (1)-(3) have graded finite Cohen-Macaulay
type as can be seen from [6] or [9]. The hypersurfaces (4) and (5) are not graded
finite Cohen-Macaulay type, but their completions are the one dimensional (A∞)
and (D∞) hypersurface singularities shown in (1.1) and (1.2) on page 3. It was
shown by R. Buchweitz, G. Greuel, and F. Schreyer in [6] that these are the only
hypersurfaces that are countable but not finite Cohen-Macaulay type. Hence by
Remark 1.3, the rings (4) and (5) are of graded countable Cohen-Macaulay type. 
Corollary 3.6. Let (R,m,k) be a one-dimensional standard graded Cohen-Macaulay
ring with uncountable residue field k. If R is of graded countable Cohen-Macaulay
type then e(R) 6 3.
Proof. As shown in [20, Corollary 4.5], the possible h-vectors are (1), (1, n), or
(1, n, 1) for some integer n. Combining this with Corollary 3.5, we know that the
possible h-vectors of R are the following:
(1), (1, 1), (1, 2), (1, 1, 1).
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Hence we have that e(R) 6 3. 
An obvious improvement to Corollary 3.5 would be to classify the rings whose
h-vector is (1, 2). Currently, there are two known examples of one-dimensional
standard graded Cohen-Macaulay rings of graded countable Cohen-Macaulay type
having h-vector (1, 2):
k[x, y, z]/(xy, yz, z2);(3.15)
k[x, y, z]/det2
(
x y z
y z x
)
.(3.16)
The completion of (3.15) is the local endomorphism ring of (x, y)R where R =
kJx, yK/(xy2), the one-dimensional (D∞) hypersurface. This endomorphism ring
is known to be of countable Cohen-Macaulay type (see [15, Theorem 1.5] or [16,
Example 14.23]) and thus by Remark 1.3, (3.15) is of graded countable Cohen-
Macaulay type. It is worth noting that (3.15) is not reduced.
As for (3.16), this is the only one dimensional ring of finite type and h-vector
(1, 2) found in the list of graded finite Cohen-Macaulay type rings [9]. Given this
result, if we assume our ring to have an isolated singularity, then we have a positive
answer to Question 1.2.
Corollary 3.7. Let (R,m,k) be a one-dimensional, reduced, standard graded Cohen-
Macaulay ring with uncountable residue field k. Further assume that R has a finite
integral closure. If R is of graded countable Cohen-Macaulay type, then R is of
graded finite type and isomorphic to one of the following:
(1) k[x];
(2) k[x, y]/(xy);
(3) k[x, y]/(xy(x+ y));
(4) k[x, y, z]/det2
(
x y z
y z x
)
.
Proof. By Remark 1.3, we can pass to the completion. Since local rings of minimal
multiplicity with h-vector (1, 2) have λ
(
m2/xm
)
6 1, we can apply Proposition
3.1 and Corollary 3.5 to obtain the desired result. 
4. Non-Gorenstein Rings of Dimension at least Two
We are unable to classify standard graded rings of graded countable type with
dimension larger than one. However, if we assume an isolated singularity, we have
a positive answer to Question 1.2 in the non-Gorenstein case.
4.1. Non-Gorenstein Rings of Dimension Two. As shown in [9], two dimen-
sional standard graded Cohen-Macaulay rings with an isolated singularity must be
a domain and have minimal multiplicity. In [8], it can be seen that standard graded
Cohen-Macaulay domains of minimal multiplicity have the following classification:
(i) quadratic hypersurfaces (not necessarily nondegenerate);
(ii) cones over the Veronese embedding P2 ↪→ P5. I.e., rings isomorphic to
k[x0, x1, . . . , xn]
/
det2
x0 x1 x2x1 x3 x4
x2 x4 x5
 ,
where for n > 5;
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(iii) rational normal scrolls.
The ring defined in (i) is Gorenstein and is discussed in Section 5. The ring in (ii)
is of graded finite (hence countable) Cohen-Macaulay type when n = 5 as can be
seen in [9] or [21, Example 17.6.1]. For n > 6, the dimension of the singular locus is
larger than 1, hence they are not of graded countable type. However when n = 6,
it is unclear if the ring is graded countable type or not. Notice that this case does
not concern Question 1.2 as the ring does not have an isolated singularity, but does
play a role in a general classification. Further, the dimension of each ring in (ii) is
at least three. As such, it is left to consider the rational normal scrolls defined as
follows.
Definition 4.1. Let 0 6 a0 6 a1 6 · · · 6 ak be given integers and let {xij | 0 6
j 6 ai, 0 6 i 6 k} be a set of variables over a field k. Then, take the ideal I of the
polynomial ring S = k[xij | 0 6 j 6 ai, 0 6 i 6 k] generated by all the 2× 2-minors
of the matrix:(
x00 x
0
1 · · · x0a0−1 | · · · | xk0 xk1 · · · xkak−1
x01 x
0
2 · · · x0a0 | · · · | xk1 xk2 · · · xkak
)
.
Define the graded ring R to be the quotient S/I with deg(xij) = 1 for all i, j, and
call R the scroll of type (a0, a1, . . . , ak).
Notice that the polynomial ring k[x0, x1, . . . , xN ] is a rational normal scroll of
type (0, · · · , 0, 1), where N = ∑ki=0 ai+k+1. Further, a scroll is of type (0, · · · , 0, 1)
if and only if it is regular (for basic properties of scrolls, see [8, 17]). In general,
it is known that scrolls are integrally closed Cohen-Macaulay domain of dimension
k + 2.
Proposition 4.2. Let (R,m,k) be a standard graded Cohen-Macaulay ring that is
not Gorenstein and dim(R) = 2. Further assume that R has an isolated singularity
and that k is an uncountable field. If R is of graded countable Cohen-Macaulay
type, then R is of graded finite type and is isomorphic to
k[x0, x1, . . . , xn]
/
det2
(
x0 . . . xn−1
x1 . . . xn
)
,
where n > 2.
Proof. It was shown in [9] that two dimensional, non-Gorenstein rings with an
isolated singularity have minimal multiplicity.
By the above discussion, we know that R must be isomorphic to a two dimen-
sional scroll. The only non-Gorenstein scrolls of dimension two are of type (m)
where m > 2. These are the rings listed in the statement of Proposition 4.2. It
is known that these rings are of graded finite Cohen-Macaulay type (see [9] or [3,
Theorem 2.3]). 
Proposition 4.2 gives a partial (positive) answer to Question 1.2. Ideally though,
we would like to remove the isolated singularity condition from the hypothesis of
Proposition 4.2. Doing so would show that graded countable Cohen-Macaulay type
implies graded finite Cohen-Macaulay type for non-Gorenstein two dimensional
rings.
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4.2. Non-Gorenstein Rings of Dimension at least Three. Let (R,m,k) be a
standard graded Cohen-Macaulay ring of graded countable Cohen-Macaulay type,
that is not Gorenstein and dimR > 3. By [20, Proposition 4.6], we know that R
must be a domain and have minimal multiplicity. Thus we only have to consider
the three classes of rings listed in Section 4.1 in order to obtain the following.
Proposition 4.3. Let (R,m,k) be a standard graded Cohen-Macaulay ring with
uncountable residue field k and an isolated singularity. Further assume that R is
not Gorenstein and dimR > 3. If R is of graded countable Cohen-Macaulay type,
then R is of graded finite type and is isomorphic one of the following rings:
(1) k[x1, . . . , x5]/det2
(
x1 x2 x4
x2 x3 x5
)
;
(2) k[x1, . . . , x6]/det2(sym 3× 3).
Proof. Consider the classes of rings listed in Section 4.1. We can ignore the rings
in (i) as they are Gorenstein. The rings in (ii) only have an isolated singularity
when n = 5. This ring is known to be of graded finite Cohen-Macaulay type [9].
As such, we list it above.
Concerning the scrolls in (iii), M. Auslander and I. Reiten classify the scrolls of
finite type in [5]. In particular, they show that if k > 1 and R is not of type (1, 1)
or (1, 2), then R has |k| many indecomposable graded Cohen-Macaulay modules,
up to shifts. As it is, the graded scrolls of type (1, 1) and (1, 2) are the only graded
scrolls of dimension at least 3 that have graded countable Cohen-Macaulay type.
Notice that a scroll of type (1, 1) is Gorenstein and hence we are left with the scroll
of type (1, 2). 
Proposition 4.3 gives another case where Question 1.2 has a positive answer.
Concerning the general classification, in order to remove the isolated singularity
condition from the hypothesis, one only needs to determine the graded Cohen-
Macaulay type of
(4.1) k[x0, x1, . . . , x6]
/
det2
x0 x1 x2x1 x3 x4
x2 x4 x5
 .
Knowing this information would give a complete classification for non-Gorenstein
rings of dimension at least three.
5. Gorenstein Rings
Not much is known about Gorenstein rings of graded countable Cohen-Macaulay
type. However, it is well known that standard graded Gorenstein rings of graded
finite Cohen-Macaulay type are hypersurfaces [11, Satz 1.2]. This fact is heavily
exploited in the classification of standard graded Cohen-Macaulay rings of graded
finite Cohen-Macaulay type [9]. The countable analog of this fact is still unknown.
Conjecture 5.1. A Gorenstein ring of countable Cohen-Macaulay type is a hyper-
surface.
Using the concept of super-stretched, Conjecture 5.1 was shown to be true for
standard graded rings of dimension at most one [20], but the conjecture remains
open for higher dimensions. By the results of [14, 6] on hypersurfaces, a posi-
tive result to Conjecture 5.1 would completely classify Gorenstein rings of graded
countable Cohen-Macaulay type.
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If we restrict to rings of minimal multiplicity, then we are only dealing with
hypersurfaces, as h-vectors of Gorenstein rings are symmetric. As such, by [14, 6]
we have a complete characterization. In particular, consider a standard graded
Gorenstein ring (R,m,k) of minimal multiplicity, i.e. the h-vector is (1, 1). Hence
if R is of graded countable Cohen-Macaulay type, then R is isomorphic to one of
the following hypersurfaces:
(A1) : k[x1, . . . , xn]/(x21 + · · ·+ x2n), n > 1;
(A∞) : k[x1, . . . , xn]/(x22 + · · ·+ x2n), n > 1.
Remark 5.2. If we further assume that a standard graded Gorenstein ring of mini-
mal multiplicity has an isolated singularity, then graded countable Cohen-Macaulay
type implies graded finite Cohen-Macaulay type. To see this, notice that only (A1)
has a zero dimensional singular locus.
It is worth noting that standard graded rings of dimension at least 2 and with
graded finite Cohen-Macaulay type have minimal multiplicity. This can be seen by
examining the list graded rings of graded finite Cohen-Macaulay type in [9]. With
these results, we ask the following question.
Question 5.3. If (R,m,k) is a standard graded Gorenstein ring of graded countable
Cohen-Macaulay type and dim(R) > 2, is R necessarily of minimal multiplicity?
A positive answer to Question 5.3 would ultimately force the ring to be a hyper-
surface and affirm Conjecture 5.1. Further it would show that Question 1.2 has an
affirmative answer for Gorenstein rings of graded countable Cohen-Macaulay type.
Remark 5.4. Since Conjecture 5.1 is still open, the natural place to look are rings of
complete intersection. According to [20], we know that standard graded complete
intersection with graded countable Cohen-Macaulay type are either a hypersurface
or defined by two quadrics. With this fact, one could use tools from representation
theory [18] and the analysis of the h-vector, to show that the ring is indeed a
hypersurface no matter what the dimension. As these techniques are outside the
scope of the paper, we leave it here as a remark.
6. Summary of Results
In Corollary 6.1 we summarize the previous results in relation to Question 1.2. As
noted earlier, proving Conjecture 5.1 would give a complete answer to the question.
In the rest of the section, we consider what can be shown when the ring in question
does not necessarily have an isolated singularity. In particular, we state a partial
classification of standard graded rings of graded countable Cohen-Macaulay type.
Corollary 6.1. Let (R,m,k) be a standard graded ring of graded countable Cohen-
Macaulay type. Further assume that R has an isolated singularity and that k is an
uncountable algebraically closed field of characteristic zero. Then R is of graded
finite type if one of the following hold:
(1) dim(R) 6 1;
(2) R is not Gorenstein;
(3) R is of minimal multiplicity.
Proof. If the dimension of R is at most 1, then we can directly apply Proposition
2.1 and Corollary 3.7. For non-Gorenstein rings of dimension at least 2, we can
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apply Propositions 4.2 and 4.3. If R is Gorenstein of minimal multiplicity and
dim(R) > 2, then we have graded finite Cohen-Macaulay type from Remark 5.2
and the discussion preceding it. 
6.1. Partial classification in the general case. Throughout this paper, we have
obtained a partial classification of standard graded rings of graded countable Cohen-
Macaulay type. For uniformity’s sake, we state the partial classification in the same
format as the classification of graded finite Cohen-Macaulay type found in [9]. As
such, notice that rings listed in the arbitrary dimension section are omitted from
the other cases. In particular, the A∞ hypersurface is only listed in the arbitrary
dimension section. For more details on rings of countable Cohen-Macaulay type,
see [16].
Arbitrary Dimension: The following rings are shown to be graded countable type
in [9, 14, 6]. This list is not known to be complete.
k[x1, . . . , xn], n > 1;
k[x1, . . . , xn]/(x21 + · · ·+ x2n), n > 1;
k[x1, . . . , xn]/(x22 + · · ·+ x2n), n > 1.
Dimension Zero: As seen in Proposition 2.1, graded countable type is the same
as graded finite type. By [9], we have the following complete list.
k[x]/(xm), m > 1.
Dimension One: We do not have a complete list of dimension one graded count-
able type rings. However, by Corollary 3.7 and the discussion before it, we know
these rings must have h-vector (1, 2) or be isomorphic to
k[x, y]/(xy);
k[x, y]/(xy(x+ y));
k[x, y]/(xy2);
k[x, y, z]/det2
(
x y z
y z x
)
;
k[x, y, z]/(xy, yz, z2).
Dimension Two: According to Proposition 4.2, the non-Gorenstein graded count-
able type rings with an isolated singularity are known. Besides the ring given in
the Arbitrary Dimension section, we are not aware of any other graded countable
type ring with a non-isolated singularity. Thus we state what was already recorded
in [9].
k[x1, . . . , xn+1]
/
det2
(
x1 . . . xn
x2 . . . xn+1
)
, n > 2.
Dimension Three: If we restrict the proof of Proposition 4.3 to three dimensional
rings, we can omit the isolated singularity condition. As such, we know the rings
below are the only non-Gorenstein graded countable type rings of dimension three.
As the Gorenstein case is open, it is not know if this is a complete list or not.
k[x1, . . . , x5]
/
det2
(
x1 x2 x4
x2 x3 x5
)
;
k[x1, . . . , x6]/det2(sym 3× 3).
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Remark 6.2. According to the remarks after Proposition 4.3, for non-Gorenstein
rings of dimension at least four, the only possible ring is (4.1).
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